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Semisimple centralisers

Let G be a connected reductive algebraic group over an algebraically closed
field k, and let s € G be a semisimple element.

Jean Michel (with Francois Digne) Semisimple centralisers are semi-direct produc Shenzen, 25 May 2026 2/15



Semisimple centralisers

Let G be a connected reductive algebraic group over an algebraically closed
field k, and let s € G be a semisimple element. The group of components
Ag(s) of the centraliser of s can be defined by the exact sequence

1 — Cg(s)? = Cg(s) = Ag(s) = 1 (%)
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Semisimple centralisers

Let G be a connected reductive algebraic group over an algebraically closed
field k, and let s € G be a semisimple element. The group of components
Ag(s) of the centraliser of s can be defined by the exact sequence

1 — Cg(s)? = Cg(s) = Ag(s) = 1 (%)

The question was asked by Michel Broué whether this sequence splits (a
positive answer helps define “generic” semisimple centralisers).
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Semisimple centralisers

Let G be a connected reductive algebraic group over an algebraically closed
field k, and let s € G be a semisimple element. The group of components
Ag(s) of the centraliser of s can be defined by the exact sequence

1 — Cg(s)? = Cg(s) = Ag(s) = 1 (%)

The question was asked by Michel Broué whether this sequence splits (a
positive answer helps define “generic” semisimple centralisers).

The sequence (x) always splits, that is there is a finite subgroup
Ao C Cg(s) such that Cg(s) is a semi-direct product Cg(s)? x Ay. J

Jean Michel (with Francois Digne)

Semisimple centralisers are semi-direct produc

Shenzen, 25 May 2026 2/15



Weyl group

Let T be a maximal torus of G containing s, let ® be the root system of G
with respect to T, and let W = Ng(T)/T be the Weyl group.
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Weyl group

Let T be a maximal torus of G containing s, let ® be the root system of G
with respect to T, and let W = Ng(T)/T be the Weyl group. Let U, be
the one-parameter unipotent subgroup normalised by T associated to

a€ o,
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Weyl group

Let T be a maximal torus of G containing s, let ® be the root system of G
with respect to T, and let W = Ng(T)/T be the Weyl group. Let U, be
the one-parameter unipotent subgroup normalised by T associated to

a€ o
o Cg(s)?=(T,{U, | a € &(s)}) where d(s) = {a € ®|a(s) =1} is
a reductive group with root system ®(s) and Weyl group
WO(s) = {sa | @ € ®(s)}.
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Weyl group

Let T be a maximal torus of G containing s, let ® be the root system of G
with respect to T, and let W = Ng(T)/T be the Weyl group. Let U, be
the one-parameter unipotent subgroup normalised by T associated to
a€ o
o Cg(s)?=(T,{U, | a € &(s)}) where d(s) = {a € ®|a(s) =1} is
a reductive group with root system ®(s) and Weyl group
WO(s) = {sa | @ € ®(s)}.
o Cg(s) = (Cg(s)%, {w € W(s)}) where W(s) ={w € W | “s = s}.
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Weyl group

Let T be a maximal torus of G containing s, let ® be the root system of G
with respect to T, and let W = Ng(T)/T be the Weyl group. Let U, be
the one-parameter unipotent subgroup normalised by T associated to

a€ o

o Cg(s)?=(T,{U, | a € &(s)}) where d(s) = {a € ®|a(s) =1} is
a reductive group with root system ®(s) and Weyl group
WO(s) = {so | @ € ®(s)}.

o Cg(s) = (Cg(s) {w € W(s)}) where W(s) ={w € W | "s = s}.

This implies an exact sequence

1— NCc(s)O(T) — NC(;(S)(T) — A(;(S) —1 (**)J
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Weyl group

Let T be a maximal torus of G containing s, let ® be the root system of G
with respect to T, and let W = Ng(T)/T be the Weyl group. Let U, be
the one-parameter unipotent subgroup normalised by T associated to

a€ o

o Cg(s)?=(T,{U, | a € &(s)}) where d(s) = {a € ®|a(s) =1} is
a reductive group with root system ®(s) and Weyl group
WO(s) = {so | @ € ®(s)}.

o Cg(s) = (Cg(s) {w € W(s)}) where W(s) ={w € W | "s = s}.

This implies an exact sequence

1— NCc(s)O(T) — NC(;(S)(T) — A(;(S) —1 (**)J

And splitting (**) splits (*).
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Weyl group (continued)

Quotienting by T, we get

We have an exact sequence 1 — W0(s) — W(s) — Ag(s) — 1 J

Jean Michel (with Francois Digne) Semisimple centralisers are semi-direct produc



Weyl group (continued)

Quotienting by T, we get

We have an exact sequence 1 — W0(s) — W(s) — Ag(s) — 1 J

W (s) normalizes WO(s), and if we choose a positive root system ®(s)
for ®(s) we have canonical representatives of the quotient
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Weyl group (continued)

Quotienting by T, we get

We have an exact sequence 1 — W0(s) — W(s) — Ag(s) — 1 J

W (s) normalizes WO(s), and if we choose a positive root system ®(s)
for ®(s) we have canonical representatives of the quotient

The above sequence splits, by lifting Ag(s) to

Aw(s) :={w € W(s) | w(®7(s)) = ®7(s))}. J
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Weyl group (continued)

Quotienting by T, we get

We have an exact sequence 1 — W0(s) — W(s) — Ag(s) — 1 ]

W (s) normalizes W0(s), and if we choose a positive root system ®7(s)
for ®(s) we have canonical representatives of the quotient

The above sequence splits, by lifting Ag(s) to
Aw(s) = {w € W(s) | w(®7(s)) = ®7(s))}. J

Note that Ay (s) depends on the choice of ®* even though it does not
appear in the notation.
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Weyl group (continued)

Quotienting by T, we get

We have an exact sequence 1 — W0(s) — W(s) — Ag(s) — 1 ]

W (s) normalizes W0(s), and if we choose a positive root system ®7(s)
for ®(s) we have canonical representatives of the quotient

The above sequence splits, by lifting Ag(s) to
Aw(s) := {w € W(s) | w(®7(s)) = ©7(s))}. J

Note that Ay (s) depends on the choice of ®* even though it does not
appear in the notation.

If we can find a group morphism Ay (s) — N () (T) we can split (**)
and thus (*).
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Reduction to s of finite order

A good paper to learn about semisimple elements is

o Cédric Bonnafé, "Quasi-isolated elements in reductive groups”,
Comm. Algebra 33 (2005), 2315-2337.
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Reduction to s of finite order

A good paper to learn about semisimple elements is

o Cédric Bonnafé, "Quasi-isolated elements in reductive groups”,
Comm. Algebra 33 (2005), 2315-2337.

(Proposition 1.5 Bonnafé)
There exists s’ of finite order such that Cg(s') = Cg(s).
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A good paper to learn about semisimple elements is

o Cédric Bonnafé, "Quasi-isolated elements in reductive groups”,
Comm. Algebra 33 (2005), 2315-2337.

(Proposition 1.5 Bonnafé)
There exists s’ of finite order such that Cg(s') = Cg(s). J

Let p be the characteristic of k. Choosing an isomorphism between

(Q/Z)y (where (Q/Z), = Q/Z when p = 0) and the roots of unity in
k>,
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Reduction to s of finite order

A good paper to learn about semisimple elements is
o Cédric Bonnafé, "Quasi-isolated elements in reductive groups”,
Comm. Algebra 33 (2005), 2315-2337.

(Proposition 1.5 Bonnafé)
There exists s’ of finite order such that Cg(s') = Cg(s).

Let p be the characteristic of k. Choosing an isomorphism between

(Q/Z)p (where (Q/Z)y = Q/Z when p = 0) and the roots of unity in
k*, we can identify the elements of T of finite order with Y(T) ® (Q/Z),

where Y(T) is the lattice of cocharacters of T.
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Reduction to s of finite order

A good paper to learn about semisimple elements is

o Cédric Bonnafé, "Quasi-isolated elements in reductive groups”,
Comm. Algebra 33 (2005), 2315-2337.

(Proposition 1.5 Bonnafé)
There exists s’ of finite order such that Cg(s') = Cg(s).

Let p be the characteristic of k. Choosing an isomorphism between

(Q/Z)p (where (Q/Z)y = Q/Z when p = 0) and the roots of unity in
k*, we can identify the elements of T of finite order with Y(T) ® (Q/Z),

where Y(T) is the lattice of cocharacters of T.
We denote by ¥ C Y(T) the coroots of G with respect to T and by

a — oV the natural bijection ® = ¢V,
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Tits liftings and reduction to characteristic# 2

We choose a Borel subgroup T C B, which defines a positive root system
&+ and its basis I, and a Coxeter system (W, S) where S = {s, | « € }.
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Tits liftings and reduction to characteristic# 2

We choose a Borel subgroup T C B, which defines a positive root system
&+ and its basis I, and a Coxeter system (W, S) where S = {s, | a« € M}

(Tits, “Normalisateurs de tores”)

If for each o € T we choose a lift 0(sy) € Ng(T) N (Uy, U_y) then
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Tits liftings and reduction to characteristic# 2

We choose a Borel subgroup T C B, which defines a positive root system
&+ and its basis I, and a Coxeter system (W, S) where S = {s, | a« € M}

(Tits, “Normalisateurs de tores”)

If for each o € T we choose a lift 0(sy) € Ng(T) N (Uy, U_y) then
@ If mg; is the order of st for s,t € S then

o(s)a(t)a(s)--- = o(t)o(s)o(t)---.

-~

ms ¢+ terms ms ¢+ terms
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Tits liftings and reduction to characteristic# 2

We choose a Borel subgroup T C B, which defines a positive root system
&+ and its basis I, and a Coxeter system (W, S) where S = {s, | a« € M}

(Tits, “Normalisateurs de tores”)
If for each o € T we choose a lift 0(sy) € Ng(T) N (Uy, U_y) then
@ If mg; is the order of st for s,t € S then
a(s)a(t)o(s)---=a(t)o(s)o(t)---.

ms ¢+ terms

ms ¢+ terms

o We have o(s,)? = 1\/ pr:Z.
al/2e€ Y(T)®(Q/Z)y  otherwise
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Tits liftings and reduction to characteristic# 2

We choose a Borel subgroup T C B, which defines a positive root system
&+ and its basis I, and a Coxeter system (W, S) where S = {s, | a« € M}

(Tits, “Normalisateurs de tores”)
If for each o € T we choose a lift 0(sy) € Ng(T) N (Uy, U_y) then
@ If mg; is the order of st for s,t € S then
a(s)a(t)o(s)---=a(t)o(s)o(t)---.

ms ¢+ terms

ms ¢+ terms

o We have o(s,)? = 1\/ pr:Z.
al/2e€ Y(T)®(Q/Z)y  otherwise

The second item implies that if k is of characteristic 2, the map o is a
group morphism W % Ng(T),
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Tits liftings and reduction to characteristic# 2

We choose a Borel subgroup T C B, which defines a positive root system
&+ and its basis I, and a Coxeter system (W, S) where S = {s, | a« € M}

(Tits, “Normalisateurs de tores”)
If for each o € T we choose a lift 0(sy) € Ng(T) N (Uy, U_y) then
@ If mg; is the order of st for s,t € S then
a(s)a(t)o(s)---=a(t)o(s)o(t)---.

ms ¢+ terms

ms ¢+ terms

o We have o(s,)? = 1\/ pr:Z.
al/2e€ Y(T)®(Q/Z)y  otherwise

The second item implies that if k is of characteristic 2, the map o is a

group morphism W % Ng(T), in particular Ay (s) % Ng(T) solves the
problem. From now on we assume the characteristic # 2.
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Tits liftings (continued)

Let B=(s€S| sts--. = tst--- ) be the Braid group of W.

ms ¢+ terms ms + terms
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Tits liftings (continued)

Let B=(s€S| sts--. = tst--- ) be the Braid group of W.

ms ¢+ terms ms + terms
That o preserves the braid relations implies that o defines a group

morphism B % Ng(T) defined by o(s) = o(s).
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Tits liftings (continued)

Let B=(s€S]| sts--. = tst--. ) be the Braid group of W.
ms ¢+ terms ms + terms

That o preserves the braid relations implies that o defines a group
morphism B % Ng(T) defined by o(s) = o(s).

We can define a lift W 5 W C B by lifting reduced decompositions
W=5...5,withs; € Stos;...s,.
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Tits liftings (continued)

Let B=(s€S| sts--. = tst--- ) be the Braid group of W.

ms ¢+ terms ms + terms
That o preserves the braid relations implies that o defines a group

morphism B % Ng(T) defined by o(s) = o(s).

We can define a lift W > W ¢ B by lifting reduced decompositions
W=51...5,withs; € Stos;...s,.

The composed W -5 W % Ng(T) is what is called a Tits lifting.
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Tits liftings (continued)

Let B=(s€S| sts--. = tst--- ) be the Braid group of W.

ms ¢+ terms ms + terms
That o preserves the braid relations implies that o defines a group

morphism B % Ng(T) defined by o(s) = o(s).

We can define a lift W 5 W C B by lifting reduced decompositions
W=51...5,withs; € Stos;...s,.

The composed W 5 W % Ng(T) is what is called a Tits lifting.

Our strategy will find “good"” lifts to Ng(T) of elements of W will be to
find lifts to B and compose with o. For example
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Tits liftings (continued)

Let B=(s€S]| sts--. = tst--. ) be the Braid group of W.
ms,+ terms ms + terms

That o preserves the braid relations implies that o defines a group
morphism B % Ng(T) defined by o(s) = o(s).

We can define a lift W 5 W C B by lifting reduced decompositions
W=51...5,withs; € Stos;...s,.

The composed W 5 W % Ng(T) is what is called a Tits lifting.

Our strategy will find “good"” lifts to Ng(T) of elements of W will be to
find lifts to B and compose with o. For example

(generalize Adams-Vogan)

Let b € B be a lift of w and let b be the reversed word of b (a lift of
w™1). Then a(bb) = (p¥ — w(p))/2 where p¥ = (3 co+ @)/2.

Jean Michel (with Francois Digne) Semisimple centralisers are semi-direct produc Shenzen, 25 May 2026 7/15



reduction to semisimple groups

Using Bonnafé we can prove

Let G' be the derived subgroup of G and T' = TNG'.
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reduction to semisimple groups

Using Bonnafé we can prove
Let G’ be the derived subgroup of G and T' =TNG'. If
1— NCG/(S’)O(T/) = NCG/(SI)(T/) — AG/(S/) —1

splits for any s’ € T’

Jean Michel (with Francois Digne) Semisimple centralisers are semi-direct produc Shenzen, 25 May 2026 8/15



reduction to semisimple groups

Using Bonnafé we can prove

Let G’ be the derived subgroup of G and T' =TNG'. If
1— NCG/(S’)O(T/) — NCG/(s’)(T/) — AG/(S/) — 1

splits for any s’ € T’ then

1— NC@(S)O(T) — NCc(s)(T) — AG(S) — 1

splits for any s € T.
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reduction to semisimple groups

Using Bonnafé we can prove

Let G’ be the derived subgroup of G and T' =TNG'. If
1— NCG/(S’)O(T/) — NCG/(S’)(T/) — AG/(S/) — 1

splits for any s’ € T’ then

1— NC@(S)O(T) — NCc(s)(T) — AG(S) — 1

splits for any s € T.

The proof uses that there exists z € (ZG)? such that s’ = sz € G/,
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group.
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general

semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups.
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general
semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups. We will use

comparison with the simply connected covering Gg. of G, then decompose
Gg. in components.
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general
semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups. We will use
comparison with the simply connected covering Gg. of G, then decompose
Gg. in components.

We have an exact sequence 1 — Z — Gg. Iy G — 1 where Z is central in
Gg..
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general
semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups. We will use
comparison with the simply connected covering Gg. of G, then decompose
Gg. in components.

We have an exact sequence 1 — Z — Gg. Iy G — 1 where Z is central in
Ggs.. We will find that we can identify Ag(s) to a subgroup of Z.
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general
semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups. We will use
comparison with the simply connected covering Gg. of G, then decompose
Gg. in components.

We have an exact sequence 1 — Z — Gg. Iy G — 1 where Z is central in
Ggs.. We will find that we can identify Ag(s) to a subgroup of Z.

The element s is identified with an element of

Y(T)®(Q/Z)y = (Y(T)®Q)y/Y(T).
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general
semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups. We will use
comparison with the simply connected covering Gg. of G, then decompose
Gg. in components.

We have an exact sequence 1 — Z — Gg. Iy G — 1 where Z is central in
Ggs.. We will find that we can identify Ag(s) to a subgroup of Z.

The element s is identified with an element of

Y(T)®(Q/Z)y = (Y(T)®Q)y/Y(T). Let X be a representative of s in
Y(T)® Q.
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general
semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups. We will use
comparison with the simply connected covering Gg. of G, then decompose
Gg. in components.

We have an exact sequence 1 — Z — Gg. Iy G — 1 where Z is central in
Ggs.. We will find that we can identify Ag(s) to a subgroup of Z.

The element s is identified with an element of

Y(T)®(Q/Z)y = (Y(T)®Q)y/Y(T). Let X be a representative of s in
Y(T)® Q.

Let Tse = 7 Y(T). Then Y(Ty) is the root lattice and Y(Ty.) x W is
the affine Weyl group.
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Comparing with the simply connected group

We would like to reduce to the case of a quasi-simple group. In general
semisimple groups are not product of their quasi-simple components, but
this happens for adjoint or simply connected groups. We will use
comparison with the simply connected covering Gg. of G, then decompose
Gg. in components.

We have an exact sequence 1 — Z — Gg. Iy G — 1 where Z is central in
Ggs.. We will find that we can identify Ag(s) to a subgroup of Z.

The element s is identified with an element of

Y(T)®(Q/Z)y = (Y(T)®Q)y/Y(T). Let X be a representative of s in
Y(T)® Q.

Let Tse = 7 Y(T). Then Y(Ty) is the root lattice and Y(Ty.) x W is
the affine Weyl group. Since Y (Ts.) C Y(T) we can replace A by a

Y (Tsc)-translate and then if we conjugate s by W we can get A\ € C, the
closure of the fundamental alcove of the affine Weyl group.
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;.
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;. This corresponds to a decomposition ® = [, ®;.
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;. This corresponds to a decomposition ® = [, ®;.
Let &; be the negative of the highest coroot of ®;.
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;. This corresponds to a decomposition ® = [, ®;.
Let &; be the negative of the highest coroot of ®;.

If A is the subgroup of W which stabilises MMV U {@;}; we have an
isomorphism ¢ : A = ZGe.
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;. This corresponds to a decomposition ® = [, ®;.
Let &; be the negative of the highest coroot of ®;.

If A is the subgroup of W which stabilises MMV U {@;}; we have an
isomorphism ¢ : Ay = ZGg.. We define Ag = t71(2).
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;. This corresponds to a decomposition ® = [, ®;.
Let &; be the negative of the highest coroot of ®;.

If A is the subgroup of W which stabilises MMV U {@;}; we have an
isomorphism ¢ : Ay = ZGg.. We define Ag = t71(2).

(Bonnafé)

If s has a representative X\ in the fundamental alcove then
o (NNd(s))U{a;| (N &y =—1} is a basis of ®(s).
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;. This corresponds to a decomposition ® = [, ®;.
Let &; be the negative of the highest coroot of ®;.

If A is the subgroup of W which stabilises MMV U {@;}; we have an
isomorphism ¢ : Ay = ZGg.. We define Ag = t71(2).

(Bonnafé)
If s has a representative X\ in the fundamental alcove then
o (NNd(s))U{a;| (N &y =—1} is a basis of ®(s).

o If we define Ay (s) by the positive system ®*(s) defined by that
basis, then Aw/(s) = {c € Ag N W(s) | c(®T(s)) = dT(s)}.
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Comparing with the simply connected group (continued)

We have a decomposition Gg. = G1 X ... X Gg in quasi-simple simply
connected groups G;. This corresponds to a decomposition ® = [, ®;.
Let &; be the negative of the highest coroot of ®;.

If A is the subgroup of W which stabilises MMV U {@;}; we have an
isomorphism ¢ : Ay = ZGg.. We define Ag = t71(2).

(Bonnafé)
If s has a representative X\ in the fundamental alcove then
o (NNd(s))U{a;| (N &y =—1} is a basis of ®(s).

o If we define Ay (s) by the positive system ®*(s) defined by that
basis, then Aw/(s) = {c € Ag N W(s) | c(®T(s)) = dT(s)}.

We will show that we can actually lift Ag to Ng(T) by a group morphism,
which solves the problem.
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[0}

A = (sys3): it preserves Y U {a} = {a",8Y,a} and rotates the picture.
The red dot represents a semisimple element stable by s, ; here
W(s) = W(s) = (sa).
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[0}

A = (sys3): it preserves Y U {a} = {a",8Y,a} and rotates the picture.

The red dot represents diag(1,(3,¢3) in PGL3. Here W(s) =1 and
W(s) = (sasp)-
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Example of type A
In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
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Example of type A
In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.
We identify ZSl, to u,, the group of n-th roots of unity.
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s,
We assume n prime to p. We have A = (c) where c = s1 - -
We identify ZSl, to u,, the group of n-th roots of unity.
We have G = Sl,/pq4 for some d|n.

. Sn_1}.
*Sp—1-
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.
We identify ZSl, to u,, the group of n-th roots of unity.

We have G = Sl,/jig4 for some d|n. We have Ag = (c"/9) (the subgroup
of order d of A).
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.
We identify ZSl, to u,, the group of n-th roots of unity.

We have G = Sl,/jig4 for some d|n. We have Ag = (c"/9) (the subgroup
of order d of A).

Let o denote the order of an element. A Tits lifting o(c) of ¢ satisfies
0(c)°(9) =1 if n is odd, otherwise o(c)°(€) = —1.
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.

We identify ZSl, to u,, the group of n-th roots of unity.

We have G = Sl,/jig4 for some d|n. We have Ag = (c"/9) (the subgroup
of order d of A).

Let o denote the order of an element. A Tits lifting o(c) of ¢ satisfies
0(c)°(9) =1 if n is odd, otherwise o(c)°(€) = —1.

If nis odd, or if n/d is even if we lift ¢’ = ¢"/9 by o(c’) then again
o(c')ole) = 1.
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.
We identify ZSl, to u,, the group of n-th roots of unity.

We have G = Sl,/jig4 for some d|n. We have Ag = (c"/9) (the subgroup
of order d of A).

Let o denote the order of an element. A Tits lifting o(c) of ¢ satisfies
0(c)°(9) =1 if n is odd, otherwise o(c)°(€) = —1.

If nis odd, or if n/d is even if we lift ¢’ = ¢"/9 by o(c’) then again

o(c')°(¢) = 1. If nis even and n/d is odd then if we lift ¢’ by o(c’) we
have o(c/)o(¢) = —1.
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.

We identify ZSl, to u,, the group of n-th roots of unity.

We have G = Sl,/jig4 for some d|n. We have Ag = (c"/9) (the subgroup
of order d of A).

Let o denote the order of an element. A Tits lifting o(c) of ¢ satisfies
0(c)°(9) =1 if n is odd, otherwise o(c)°(€) = —1.

If nis odd, or if n/d is even if we lift ¢’ = ¢"/9 by o(c’) then again
o(c)°(€) = 1. If nis even and n/d is odd then if we lift ¢’ by o(c’) we
have o(c’)°(¢) = —1. But then d is even thus —1 € Z thus in the
quotient G = S, /11y we have 7(o(c’))°¢) = 1.
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Example of type A

In type A we have Gg. = Sl,. We have W =&, and S = {s1,...,5,-1}.
We assume n prime to p. We have A = (c) where c =s1---5,_1.

We identify ZSl, to u,, the group of n-th roots of unity.

We have G = Sl,/jig4 for some d|n. We have Ag = (c"/9) (the subgroup
of order d of A).

Let o denote the order of an element. A Tits lifting o(c) of ¢ satisfies
0(c)°(9) =1 if n is odd, otherwise o(c)°(€) = —1.

If nis odd, or if n/d is even if we lift ¢’ = ¢"/9 by o(c’) then again
o(c)°(€) = 1. If nis even and n/d is odd then if we lift ¢’ by o(c’) we
have o(c’)°(¢) = —1. But then d is even thus —1 € Z thus in the
quotient G = S,/ g we have (o (c’))°(¢) = 1.

(definition)
We say that a lift 7(c) € Ng..(Ts) of ¢ € A has property (b) if

1 otherwise.

o(c)/2 - .
7.(C)o(c) _ {L(C ) if o(c) is even,
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for

all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for

all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).

7/ =7 o1 satisfies 7/(a)°(® =1 for a € Ag.
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for

all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).

7/ =7 o1 satisfies 7/(a)°(® =1 for a € Ag.

To the decomposition Ggc = Gy X ... X Gy corresponds a decomposition

A:Alx...Ak.
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for

all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).

7/ = 7 o 1 satisfies 7/(a)°(®) =1 for a € Ag.

To the decomposition Ggc = Gy X ... X Gy corresponds a decomposition
A=A x ... Ax. Let T; = To. N G; and assume we have
7+ Aj = Ng,(T;) such that 7;(a) satisfies (b) for all a € A,
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for

all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).

7/ = 7 o 1 satisfies 7/(a)°(®) =1 for a € Ag.

To the decomposition Ggc = Gy X ... X Gy corresponds a decomposition
A=A x ... Ax. Let T; = To. N G; and assume we have

7+ Ai = Ng,(T;) such that 7;(a) satisfies (b) for all a € A; and define T
for an arbitrary element a = [[; a; € NA; by 7(a) =[], 7i(ai),
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for
all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).

7/ = 7 o 1 satisfies 7/(a)°(®) =1 for a € Ag.

To the decomposition Ggc = Gy X ... X Gy corresponds a decomposition
A=A x ... Ax. Let T; = To. N G; and assume we have

7+ Ai = Ng,(T;) such that 7;(a) satisfies (b) for all a € A; and define T
for an arbitrary element a = [[; a; € NA; by 7(a) = [, 7i(ai); then 7(a)
satisfies (b) for all a € A.
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for

all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).

7/ = 7 o 1 satisfies 7/(a)°(®) =1 for a € Ag.

To the decomposition Ggc = Gy X ... X Gy corresponds a decomposition
A=A x ... Ax. Let T; = To. N G; and assume we have

7+ Ai = Ng,(T;) such that 7;(a) satisfies (b) for all a € A; and define T
for an arbitrary element a = [[; a; € NA; by 7(a) = [, 7i(ai); then 7(a)
satisfies (b) for all a € A.

If G is quasi-simple simply connected we can find a lift T of A such that
7(a) has property (b) for all a € A.
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The proof
We finish by the following 3 propositions.

If there is a lift T of A to commuting elements of Ng,.(Ts.) such that for

all a € A, the element 7(a) has property (b), then we can find a group lift
of Ag to Ng(T).

7/ = 7 o 1 satisfies 7/(a)°(®) =1 for a € Ag.

To the decomposition Gg. = Gy X ... X Gy corresponds a decomposition
A=A x ... Ax. Let T; = To. N G; and assume we have

7+ Ai = Ng,(T;) such that 7;(a) satisfies (b) for all a € A; and define T
for an arbitrary element a = [[; a; € NA; by 7(a) = [, 7i(ai); then 7(a)
satisfies (b) for all a € A.

If G is quasi-simple simply connected we can find a lift T of A such that
7(a) has property (b) for all a € A.

v

This last one requires computations in each case, similar to what we did in
type A. The braid group is useful.
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Finite reductive groups

We assume now that kK = E and F is a Frobenius endomorphism attached
to an Fg-structure on G.
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Finite reductive groups

We assume now that kK = E and F is a Frobenius endomorphism attached
to an Fg-structure on G.

Let s be a semisimple element such that Cg(s) is F-stable
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Finite reductive groups

We assume now that kK = E and F is a Frobenius endomorphism attached
to an Fg-structure on G.

Let s be a semisimple element such that Cg(s) is F-stable (which is the
case in particular if s € GF; however our more general assumption turns
out to be more suited to a reduction argument);
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Finite reductive groups

We assume now that k = 4 and F is a Frobenius endomorphism attached
to an Fg-structure on G.

Let s be a semisimple element such that Cg(s) is F-stable (which is the
case in particular if s € GF; however our more general assumption turns
out to be more suited to a reduction argument); the sequence

1 — Cg(s)F — Gg(s)f — Ag(s)f — 1 (%)
is exact,
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Finite reductive groups

We assume now that k = 4 and F is a Frobenius endomorphism attached
to an Fg-structure on G.

Let s be a semisimple element such that Cg(s) is F-stable (which is the
case in particular if s € GF; however our more general assumption turns
out to be more suited to a reduction argument); the sequence

1 — Cg(s)F — Gg(s)f — Ag(s)f — 1 (%)

is exact, since in the Galois cohomology exact sequence the next term
HY(F, Cg(s)?) is trivial by Lang's theorem.
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Finite reductive groups

We assume now that k = 4 and F is a Frobenius endomorphism attached
to an Fg-structure on G.

Let s be a semisimple element such that Cg(s) is F-stable (which is the
case in particular if s € GF; however our more general assumption turns
out to be more suited to a reduction argument); the sequence

1 — Cg(s)F — Gg(s)f — Ag(s)f — 1 (%)

is exact, since in the Galois cohomology exact sequence the next term
HY(F, Cg(s)?) is trivial by Lang's theorem.

Let T be a maximal torus of Cg(s)? in an F-stable Borel subgroup; the
following sequence is exact

1+Nwwaf+Nw¢nﬂ+%@faL ()
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Finite reductive groups

We assume now that k = 4 and F is a Frobenius endomorphism attached
to an Fg-structure on G.

Let s be a semisimple element such that Cg(s) is F-stable (which is the
case in particular if s € GF; however our more general assumption turns
out to be more suited to a reduction argument); the sequence

1 — Cg(s)F — Gg(s)f — Ag(s)f — 1 (%)

is exact, since in the Galois cohomology exact sequence the next term
HY(F, Cg(s)?) is trivial by Lang's theorem.

Let T be a maximal torus of Cg(s)? in an F-stable Borel subgroup; the
following sequence is exact

1+Nwwaf+Nw¢nﬂ+%@faL ()

Such tori are conjugate under (Cg(s)?)F.
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The proof

The sequence (*x) splits, thus also (x). )
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The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to
s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
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The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to
s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
We manage to reduce to quasi-simple simply connected groups.
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The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to

s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
We manage to reduce to quasi-simple simply connected groups. For split
groups and for types 2A,, %Es and 2D2,,+1 we can take a torus of T’ such

that F acts trivially on Ng(T')/T’.
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The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to

s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
We manage to reduce to quasi-simple simply connected groups. For split
groups and for types 2A,, %Es and 2D2,,+1 we can take a torus of T’ such
that F acts trivially on Ng(T’)/T’. For such a torus we can find a Tits

lifting o whose image is F-fixed.

Shenzen, 25 May 2026 15/15
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The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to

s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
We manage to reduce to quasi-simple simply connected groups. For split
groups and for types 2A,, %Es and 2D2,,+1 we can take a torus of T’ such
that F acts trivially on Ng(T’)/T’. For such a torus we can find a Tits
lifting o whose image is F-fixed. Further excepted for type D,,, we have
Aw(s) = (a), a cyclic group with one generator.

Shenzen, 25 May 2026 15/15

Jean Michel (with Francois Digne) Semisimple centralisers are semi-direct produc



The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to

s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
We manage to reduce to quasi-simple simply connected groups. For split
groups and for types 2A,, %Es and 2D2,,+1 we can take a torus of T’ such
that F acts trivially on Ng(T’)/T’. For such a torus we can find a Tits
lifting o whose image is F-fixed. Further excepted for type D,,, we have
Aw(s) = (a), a cyclic group with one generator. In this case the problem
reduces to lift to Cyy(my(o(a)) all w € Cw(a).
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The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to

s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
We manage to reduce to quasi-simple simply connected groups. For split
groups and for types 2A,, %Es and 2D2,,+1 we can take a torus of T’ such
that F acts trivially on Ng(T’)/T’. For such a torus we can find a Tits
lifting o whose image is F-fixed. Further excepted for type D,,, we have
Aw(s) = (a), a cyclic group with one generator. In this case the problem
reduces to lift to Cyg(ty(o(a)) all w € Cw(a). The following result
(proved by He-Nie for elliptic (cuspidal) classes) helps:

Let a € W be of minimal length in its W-conjugacy class and let a = 7(a)
be the lift of a to B. Then the natural map Cg(a) — Cy(a) is surjective. J
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The proof

The sequence (*x) splits, thus also (x). J

By conjugating by an appropriate g € G we bring the situation to

s’ T, wF and we have to show that Ay/(s)** lifts to Ny (T')*F.
We manage to reduce to quasi-simple simply connected groups. For split
groups and for types 2A,, %Es and 2D2,,+1 we can take a torus of T’ such
that F acts trivially on Ng(T’)/T’. For such a torus we can find a Tits
lifting o whose image is F-fixed. Further excepted for type D,,, we have
Aw(s) = (a), a cyclic group with one generator. In this case the problem
reduces to lift to Cyg(ty(o(a)) all w € Cw(a). The following result
(proved by He-Nie for elliptic (cuspidal) classes) helps:

Let a € W be of minimal length in its W-conjugacy class and let a = 7(a)
be the lift of a to B. Then the natural map Cg(a) — Cy(a) is surjective. J

For types Ds,,, °Ds,,, 3Ds we have to do more work.
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